We consider a five-dimensional theory with a scalar field non-minimally-coupled to gravity, and we look for novel black-string solutions in the bulk. By appropriately choosing the non-minimal coupling function of the scalar field, we analytically solve the gravitational and scalar-field equations in the bulk to produce black-string solutions that describe a Schwarzschild-Anti-de Sitter space-time on the brane. We produce two complete such solutions that are both characterised by a regular scalar field, a localised-close-to-our brane energy-momentum tensor and a negative-definite, non-trivial bulk potential that may support by itself the warping of the space-time even in the absence of the traditional, negative, bulk cosmological constant. Despite the infinitely-long string singularity in the bulk, the four-dimensional effective theory on the brane is robust with the effective gravity scale being related to the fundamental one and the warping scale. It is worth noting that if we set the mass of the black hole on the brane equal to zero, the black string disappears leaving behind a regular brane-world model with only a true singularity at the boundary of the fifth dimension. *
Introduction
General Theory of Relativity [1] [2] [3] is a mathematically beautiful, tensorial theory of gravity that predicts a variety of fascinating gravitational objects such as black holes, wormholes or compact stars. It was formulated in the (3+1) space-time dimensions of our world but it has since been extended to an arbitrary number of extra dimensions [4] [5] [6] [7] [8] [9] [10] [11] [12] . Although the mathematical extension of the theory to a higher number of dimensions was straightforward, the implications on the physical properties of the derived solutions have been quite dramatic. Black-hole solutions is a characteristic example of such a transition: whereas in four dimensions these solutions have been uniquely determined and classified (see, for example, [13, 14] ), in higher number of dimensions, they are merely one species of the family of the so-called black objects, that includes black holes, black strings, black branes, black rings, or black saturns [15] . The study of the properties of all these objects is still a topic of intensive research activity and the formulation of uniqueness theorems or their complete classification are still lacking.
In fact, the determination of regular black-hole solutions in the context of the so-called braneworld models [11, 12] has been a challenging task that, in part, remains still unfulfilled. These models present the additional complication of the presence of the self-energy of the brane, which is one of the fundamental features of the theory as it gives rise to the desired warping of space-time. This feature has so far prevented the determination of an analytical, non-approximate solution describing a regular, localized-close-to-our-brane black hole. Although a large number of different theoretical approaches and techniques have been used (see Refs. for an impartial list of works), only numerical solutions describing in principle regular black holes have been found [50] [51] [52] [53] [54] [55] [56] . It is worth noting that, in the context of theories where the brane self-energy may be ignored [8] [9] [10] , analytical forms of higher-dimensional black holes were derived long ago [57, 58] and the study of their properties, either classical or quantum, has led to a separate direction of research activity.
Whereas analytical solutions describing higher-dimensional black holes in a warped space-time are still elusive, the other members of the family of black objects have been easier to find [15] . For example, the first black-string solution in the context of the models [11, 12] was derived in [16] : although from the point-of-view of a four-dimensional observer that solution described a black hole on the brane, the complete bulk solution had a string-like singularity extending all the way from the brane to the boundaries of the fifth dimension. This non-physical gravitational solution was, in addition, plagued by an intrinsic instability that segmented the infinitely-extended black string to a sequence of black cigars [59, 60] . Since then, a variety of higher-dimensional black strings have been derived in the literature -see, for example Refs. [61] [62] [63] [64] [65] [66] [67] [68] [69] [70] [71] [72] [73] [74] [75] [76] .
The easiness with which classical black-string solutions arise in the context of a brane-world model, as opposed to the difficulty that we face when we look for black-hole solutions, has fuelled a great controversy in the literature over the years [77] [78] [79] [80] [81] [82] [83] [84] [85] , that in fact remains undecided in the absence of an analytical solution describing a regular black hole. Let us consider, for example, a brane-world model that contains a bulk scalar field with an arbitrary potential and a non-minimal coupling to gravity. Brane-world solutions with a Minkowski space-time on our brane 1 were studied in the context of this theory in [88] [89] [90] [91] . In [34, 41] , the same theory was exhaustively studied for the determination of an analytical solution describing a regular black hole localised close to our brane; apart from the scalar degree of freedom that was supplemented by an arbitrary bulk potential, a generalised ansatz for the higher-dimensional line-element was employed that allowed for a diverse, and even dynamical, black-hole solution on the brane. Yet, no viable complete bulk solution was found.
In contrast, the analyses of [34, 41] have shown that a scalar-tensor theory of gravity in a fivedimensional warped space-time may allow quite easily for new black-string solutions to emerge. Indeed, in [74] , we focused on such a theory and looked for analytical bulk solutions of the complete set of gravitational and scalar-field equations. The solution for the five-dimensional line-element described indeed a black string reducing to a Schwarzschild-(Anti)-de Sitter space-time on the brane. We chose to study the case of a positive cosmological constant on the brane, which remarkably resulted in the condition that the non-minimal coupling function of the scalar field to gravity had to be negative over a particular regime in the bulk. Despite the anti-gravitating force that that condition led to, some of the solutions found had a robust four-dimensional effective theory on the brane.
In this work, we focus on the case of a negative cosmological constant on the brane, which as we will demonstrate removes the condition of the negative sign of the non-minimal coupling function in the bulk. With the gravity thus having everywhere the correct sign, we will look again for analytical solutions describing novel black strings. We will explicitly solve the coupled system of gravitational and scalarfield equations to determine both the bulk gravitational background and the scalar field configuration. Demanding the regularity of the scalar field everywhere in the bulk, we will reduce the general form of the coupling function to two particular choices. Both choices lead to analytical black-string solutions that, apart from the infinitely-long string singularity, are free of any additional bulk singularities associated either with the scalar field or with the five-dimensional line-element. The solutions that we found exhibit also a number of attractive features: the energy-momentum tensor of the theory is everywhere regular and localised close to our brane leading to a five-dimensional Minkowski space-time at large distances away from it. Also, the warping of the fifth dimension may be supported exclusively by the negativedefinite, non-trivial bulk potential of the scalar field, a result which makes redundant the presence of the negative bulk cosmological constant. Finally, the five-dimensional theory leads to a robust fourdimensional effective theory on the brane with the effective gravity scale being related to the fundamental one by a relation almost identical to the one appearing in [11, 12] . It is worth noting that if we set the mass of the black hole on the brane equal to zero, the black string disappears leaving behind a regular brane-world model with only a true singularity at the boundary of the fifth dimension.
Our paper has the following outline: in Sec. 2, we present our theory, the field equations and set a number of physical constraints on the scalar field and its coupling function. In Sec. 3, we study in detail the case of an exponential coupling function and determine the complete bulk solution, its physical properties, the junction conditions as well as the effective theory on the brane. We repeat the analysis for another interesting case, that of a double exponential coupling function, and discuss its properties in Sec. 4 . We finally present our conclusions in Sec. 5.
The Theoretical Framework
In this work, we consider a five-dimensional gravitational theory that contains the five-dimensional scalar curvature R, a bulk cosmological constant Λ 5 , and a five-dimensional scalar field Φ with a selfinteracting potential V B (Φ). The scalar field also possesses a non-minimal coupling to R via a general coupling function f (Φ) -this function will be initially left arbitrary and will be given indicative specific forms when particular physical criteria are set towards the end of this section. Thus, the action functional of the class of theories we consider in this work is given by the expression
In the above, g
M N is the metric tensor of the five-dimensional space-time, and κ 2 5 = 8πG 5 incorporates the five-dimensional gravitational constant G 5 . Our four-dimensional world is represented by a 3-brane located at y = 0 along the fifth spatial dimension. Thus, in order to complete the model, the following brane action should be added to the bulk one, presented above,
For simplicity, the quantity L br , that is related to the matter/field content of the brane, contains only an interaction term V b (Φ) of the bulk scalar field with the brane. In addition, σ is the constant brane self-energy, and g
µν (x λ , y = 0) is the induced-on-the-brane metric tensor. Throughout this work, we will denote five-dimensional indices with capital Latin letters M, N, L, ... and four-dimensional indices with lower-case Greek letters µ, ν, λ, ... as usual.
If we vary the complete action S = S B + S br with respect to the scalar field, we obtain its equation of motion
The above must be supplemented by the gravitational field equations, that follow from the variation of the action with respect to the metric-tensor components g
M N , and have the form
where
In order to derive the explicit form of the aforementioned field equations (3)- (4), we need to specify the form of the five-dimensional gravitational background. We will assume that this has the form of a warped space-time with its four-dimensional part having the form of a generalised Vaidya line-element. Thus, we will consider the expression
In the above, the function e 2A(y) stands for the warp factor along the fifth dimension, and m(r) is a generalised mass function. A first advantage of the above metric form is that, upon setting the coordinate y along the extra dimension to zero, the part inside the curly brackets reduces to the line-element on the brane. Then, if the function m(r) is assumed to be a constant M , the four-dimensional line-element is merely the Vaidya transformation of the Schwarzschild solution, where M is the black hole mass. Despite the fact that the line-element on the brane admits such an attractive interpretation, the complete fivedimensional line-element, in the context of the purely gravitational Randall-Sundrum model [11, 12] , was shown to describe a black-string [16] plagued also by instabilities [59, 60] .
Since then, and despite all efforts, no analytical, closed form of a regular, localised-on-the brane black-hole solution has been found. During that quest, the line-element (6) was used in a number of works [24, 34, 41] as it exhibited a second advantage: since it contained no horizon in its four-dimensional part, it did not lead to additional bulk singularities [20, 24] . A generalized Vaidya form, where m is not a constant any more but a function of the coordinates, was employed in an effort to increase the flexibility of the model and allow for brane black-hole solutions to deviate from the overly simple Schwarzschild one. In fact, the line-element (6) with m = m(v, r, y) was used in [41] in the context of the scalar-tensor theory (1) but, despite its flexibility, which was further increased by the scalar degree of freedom, led to no robust black-hole solutions.
As in our previous work [74] , here, we also turn our attention to the derivation of novel blackstring solutions that the theory (1) seems to possess in abundance. Indeed, in [74] we demonstrated that the theory allows for a variety of such solutions that may be constructed analytically. Assuming that the cosmological constant on the brane is non-vanishing and positive, novel black-string solutions were derived characterised by interesting properties such as the existence of an anti-gravitating regime in the bulk. Here, we continue our pursuit for novel black strings in the context of the theory (1) but allow the brane cosmological constant to be negative. We will again make the choice m = m(r) for the mass function, and demonstrate by direct integration that a class of black-string solutions arise that, on the brane, have the interpretation of a Schwarzschild-Anti-de Sitter black hole.
Therefore, employing the line-element (6) and the relation −g (5) = −g (4) that holds in this case, the scalar-field equation of motion (3) in the bulk [i.e. we ignore for now the brane δ(y)-term] takes the explicit form
In the above, a prime ( ) denotes the derivative with respect to the y-coordinate. We have also assumed that the bulk scalar field depends only on the coordinate along the fifth dimension, i.e. Φ = Φ(y). For the explicit form of the gravitational equations, we need the non-vanishing components of the Einstein G M N and energy-momentum T (Φ)M N tensors. In mixed form, these are:
and
respectively. Above, we have defined the quantities
By substituting the aforementioned components of the Einstein and scalar energy-momentum tensors in Eq. (4), and ignoring again the brane boundary terms, the gravitational field equations in the bulk may be derived. We thus obtain three equations that, upon some simple manipulation [74] , assume the following form r ∂
Note that, for notational simplicity, we have absorbed the gravitational constant κ 2 5 in the expression of the general coupling function f (Φ).
As was explicitly shown in the Appendix B of [74] , not all of the Eqs. (7) and (12)- (14) are independent. Therefore, in what follows, we will ignore Eq. (7) and work only with the gravitational equations. Of them, Eq. (14) will serve to determine the scalar potential in the bulk V B (Φ). It is Eq. (13) that will provide the solution for the scalar field Φ once the warp function A(y), the mass function m(r) and the non-minimal coupling function f (Φ) are determined. For the warp factor, we will make the assumption that this is given by the well-known form A(y) = −k|y| [11, 12] , with k a positive constant, as this ensures the localization of gravity near the brane. The form of the mass function m(r) readily follows by direct integration of Eq. (12) that leads to the expression
where M and Λ are arbitrary integration constants (the numerical coefficient 1/6 has been introduced for later convenience). Substituting the above form into the line-element (6) and setting y = 0, we may easily see that the projected-on-the-brane background is given by the expression
In [74] , we explicitly demonstrated that the above Vaidya form of the four-dimensional line-element may be transformed to the usual Schwarzschild-(Anti-)de Sitter solution by an appropriate coordinate transformation. Therefore, the arbitrary parameter M is the mass of the black-hole that the fourdimensional observer sees and Λ the cosmological constant on the brane.
The case of a positive cosmological constant on the brane (i.e. Λ > 0) was studied in our previous work [74] ; in the context of the present analysis, we will focus on the case of a negative four-dimensional cosmological constant (Λ < 0). Employing the form of the mass function (15) and the exponentially decreasing warp factor 2 e 2A(y) = e −2ky , Eq. (13) takes the form
In the above, we have also used the relations
The l.h.s of Eq. (17) is positive, therefore the same should hold for the r.h.s, too. Note that, for Λ > 0, Eq. (17) demands that, at least at y → ∞, the coupling function f (Φ) should be negative for the scalar field to have a real first-derivative there. Indeed, in [74] , we presented two analytic solutions of this theory where f < 0 either far-away from our brane or in the entire bulk regime. In contrast, in the present case, where Λ < 0, no such behaviour is necessary, thus in order to have a normal gravity over the entire five-dimensional space-time, we will assume that f (Φ) is positive everywhere.
In order to have a physically acceptable behaviour, a few more properties should be assigned to the functions Φ = Φ(y) and f = f [Φ(y)]. Both functions should, of course, be real and finite in their whole domain and of class C ∞ . At y → ∞, both functions should satisfy the following relations, otherwise the finiteness of the theory at infinity cannot be ascertained,
These constraints guarantee that all components of the energy-momentum tensor T (Φ)M N will be real and finite everywhere, and, in addition, localised close to our brane. Then, demanding also the finiteness and the vanishing of the r.h.s. of Eq. (17) due to the constraint (20), we conclude that the coupling function f (y) should, at infinity, decrease faster 3 than e −2ky , i.e. f (y) should be of the form:
Consequently, upon integrating Eq. (17), the following expression is obtained for the scalar field:
2 We assume a Z2-symmetry in the bulk under the change y → −y therefore, henceforth, we focus on the positive y-regime.
3 Note that allowing the coupling function to vary exactly as e −2ky , i.e. f (y) = f0 e −2ky , would lead to a finite, constant value of Φ 2 at infinity, namely Φ 2 ∞ = −f0 Λ > 0. This would amount to having a diverging field at the boundary of spacetime but nevertheless finite, constant values for the components of the energy-momentum tensor. We will come back to this point later.
where, for convenience, we have also set Λ = −Λ 2 . In order to proceed further, we need to determine the exact form of the function g(y). As we are interested in deriving analytical solutions for both functions f (y) and Φ(y), the function g(y) should have a specific form in order to result to a solvable integral on the r.h.s. of equation (22) . Therefore, we will make the following two choices
The aforementioned expressions for g(y) ensure that both f (y) and Φ(y) have the desired properties outlined above and, in addition, lead to analytical solutions. In the following sections, these two different cases will be studied separately.
The Simple Exponential Case
We will start with the simple exponential case (23), and derive first the form of the scalar field and its potential in the bulk. We will then study their main characteristics in terms of the free parameters of the model, and finally address the effect of the junction conditions and the form of the effective theory on the brane.
The bulk solution
In this case, we have f (y) = f 0 e −λky , with f 0 > 0 and λ > 2. Then, from Eq. (17), we obtain:
For a non-zero and positive f (y), the above inequality demands that the combination inside the brackets should be positive. As this is an increasing function of y, it suffices to demand that this holds at the location of the brane, at y = 0. Then, we obtain the following constraint on the parameters of the theory:
The function Φ 2 (y) could, in principle, be zero at the point where Φ(y) has an extremum. However, from Eq. (25), we may easily see that this may happen only at y 0 = 1 2k ln
, which, upon using Eq. (26) , turns out to be negative. Therefore, the scalar field does not have any extremum in the whole domain 0 ≤ y < ∞, which in turn means that Φ(y) is an one-to-one function in the same region. The Z 2 symmetry of the extra dimension ensures that this result holds in the region y < 0 as well. We note this property for later use.
Equation (17) can be re-written as
where we have introduced the new variable w via the definition
Due to the constraint (26) , it is obvious that w(y) is greater than unity for all values of the extra coordinate y. Then, applying the chain rule to the l.h.s. of Eq. (27) and integrating, we obtain for the scalar field the integral expression
In order to evaluate the above integral, we perform a second change of variable, namely we set w = 1/(1 − z). Then,
where an arbitrary constant C 1 has been introduced in order to set the lower boundary value of the integral equal to zero. Finally, by employing the rescaled variable t = t/z, the above integral takes its final form
where we used the integral representation of the hypergeometric function [92]
We now observe that Φ appears in the field equations (7), (13) and (14) only through the coupling function f (Φ) and the bulk potential V B (Φ). Therefore, any shift in the value of the scalar field by an arbitrary constant would result into a change in the value of f by a constant amount that could nevertheless be re-absorbed in the redefinition of the value of the arbitrary coefficient f 0 ; the value of the bulk potential V B would also change by a constant amount but this could again be re-absorbed in the value of the arbitrary bulk cosmological constant Λ 5 . Due to this translation symmetry with respect to the value of the scalar field Φ(y), we may set the arbitrary constant C 1 in Eq. (31) equal to zero. This brings the solution for the scalar field into its final form
Although the function w(y) is greater than unity for all values of the extra dimension y, the argument z = w−1 w of the hypergeometric function in the previous relation is always positive and smaller than unity. Hence, we may use the well-known expansion for the hypergeometric function in power series
where |z| < 1, and the quantities of the form q (n) denote (rising) Pochhammer symbols, namely:
Thus, we find:
where we have also used the property Γ(1 + z) = zΓ(z). There are two interesting categories of values for the parameter λ which lead to simple and elegant expressions for the hypergeometric function and subsequently for the scalar field. These are λ = 2(1 + 2q) and λ = 4q, where q is any positive integer. Let us examine each case separately.
• If λ = 2(1 + 2q) with q ∈ Z > , then, from Eq. (36), we have:
In the second line of the above expression, the upper limit of the sum has been changed from ∞ to q − 1 since, for q and n positive, the sum will be trivial for any value of n equal or higher than q due to the factor (−q + n). As indicative cases, we present below the form of the scalar field for 4 q = 1 (i.e. λ = 6)
and q = 2 (i.e. λ = 10)
The above expressions follow easily by using Eqs. (33) and (37) and substituting the aforementioned values of the parameter q.
• If λ = 4q with q ∈ Z > , we can always express the hypergeometric function in Eq. (33) w . The process that one follows to obtain this expression is presented in detail in Appendix B. Thus, for λ = 4 (i.e. q = 1), using Eq. (B.3), we may straightforwardly write
For larger values of λ (i.e. for q = 1+ , with ∈ Z > ), we should use instead Eq. (B.11) together with the constraint (B.12). The latter, as outlined in Appendix B, reduces to a set of linear equations that determine the unknown coefficients α, β 1 , · · · , β . For example, for = 1, the set of equations that follow from Eq. (B.12) is
leading to the values α = 3/8 and β = 3/4. Then, after substituting these in Eq. (B.11), the solution for q = 2, or equivalently for λ = 8, follows from Eq. (33) and has the form
Solutions for larger values of q, and thus of λ, may be derived in the same way in terms again of analytic, elementary functions. 4 For completeness, we present here also the solution for the limiting case with q = 0 (i.e. for λ = 2); this has the form
Although the field diverges at infinity -see footnote 2 -the components of the energy-momentum tensor exhibit a regular behaviour as we will comment later. In all the above, particular expressions for the scalar field Φ ± , that follow for specific values of the parameter λ, the dependence on the extra coordinate y is easily made explicit by employing Eq. (28) . Also, for all other values of λ ∈ R >2 , which do not fall in the aforementioned categories, the scalar field may still be expressed in terms of the hypergeometric function through Eqs. (33) and (36) .
Let us now investigate the physical characteristics of the solutions we have derived. In Fig. 1(a) , we depict the form of the warp factor e −2k|y| and the coupling function f (y) = f 0 e −λk|y| in terms of the coordinate y along the fifth dimension, for f 0 = 1, k = 1 and λ = 5. The warp factor exhibits the anticipated localization close to the brane while the non-minimal coupling function mimics this behaviour by decreasing exponentially fast away from the brane and reducing to zero at the boundary of spacetime. In fact, the larger the parameter λ, the faster the decrease rate of f is; thus by increasing λ, the non-minimal coupling of the scalar field to gravity is effectively "localised" closer to the brane. Figure 1(b) depicts the scalar field Φ + (y) for different values of the parameter λ and for f 0 = 1, k = 1,Λ 2 /k 2 = 100. It is straightforward to deduce from Fig. 1(b) that the scalar field Φ + (y) exhibits a reverse behaviour, compared to f (y), by increasing away from the brane and adopting a constant, non-vanishing value at the boundary of spacetime. Note that, as λ increases, the scalar field reaches this constant asymptotic value faster; that is, a more "localised" coupling function keeps also the non-trivial profile of the scalar field closer to the brane. Overall, for λ > 2, the scalar field presents a well-defined profile over the entire extra dimension in accordance to the desired properties set in the previous section. In Fig. 1(b) , we chose to plot Φ + (y), i.e. we chose the positive sign in Eq. (33) for the expression of the scalar field. A second class of solutions exists for Φ = Φ − , with the only difference being Fig. 1(b) becoming its mirror image with respect to the horizontal axis. The sign of the scalar field, however, does not affect either the potential V B (y) or the components of the energy-momentum tensor, as we will soon see. Finally, let us emphasize the fact that, as Fig. 1(b) reveals, the qualitative behaviour of the scalar field in terms of the parameter λ remains unchanged. This holds despite the fact that the value of λ does affect the exact, analytic expression of the scalar field, as we have shown in detail above; we may thus conclude that solutions emerging for non-minimal coupling functions of a simple exponential form, differing only in the value of the parameter λ, i.e. in the decrease rate of f with y, lead to a class of black-string solutions with the same qualitative characteristics.
The potential of the field V B in the bulk can be determined from Eq. (14): substituting the functions m(r) and A(y), we obtain
where we have also used the relations (18) . Note that the bulk potential is indeed insensitive to the sign of Φ ± which enters the above expression through Φ 2 . If we also employ Eq. (17) to substitute Φ 2 , and use the exponential form for f (y), the following expression readily follows for the potential V B in terms of the extra dimension y:
We observe that the combination V B (y)+Λ 5 , which appears in the action (1) as well as in the components of the total energy-momentum tensor as we will shortly see, is always negative definite. This combination, even for Λ 5 = 0, may therefore provide by itself the negative distribution of energy in the bulk that is necessary for the support of the AdS spacetime and the localisation of gravity. A similar result was derived in [74] where the case of a positive cosmological constant Λ on the brane was considered: there, the positive Λ added a positive contribution to the value of V B , that was thus decreased in absolute value, while here the negative Λ gives an extra boost to the negative value of V B . The profile of the bulk potential of the scalar field is depicted in Fig. 2 (a) for f 0 = 1/5, k = 1,Λ 2 /k 2 = 9 and λ = 2.5. The potential is everywhere finite and remains localized close to the brane. For all values of λ > 2, it goes to zero with an exponential decay rate that increases with λ. The vanishing of V B at the boundary of spacetime, together with the similar behaviour of the coupling function f in the same regime and the constant value that the scalar field assumes there, points to the conclusion that the non-minimally-coupled scalar field, after serving its purpose of localising gravity close to the brane, completely disappears leaving behind a 5-dimensional Minkowski spacetime. Only, for λ = 2, an asymptotic bulk cosmological constant equal to −3f 0Λ 2 /2 remains, thus leading to an asymptotically AdS spacetime, but only by paying the price of a diverging scalar field at infinity.
Finally, we may compute the components of the energy-momentum tensor of the theory in the bulk. These follow by employing Eqs. (5) and (9) . Using also the relations ρ = −T 0 0 , p i = T i i and p y = T y y , we find the results
Substituting V B from Eq. (43) and the form of the coupling function, we finally obtain the following explicit expressions
We present the behaviour of the energy density ρ in Fig. 2(a) and of the pressure components p i and p y in Fig. 2(b) with respect to the extra dimension y. Both figures have the same values for the parameters of the model to allow for an easy comparison. The energy density is negative-definite throughout the bulk, due to the negative value of the scalar potential discussed above, in order to support the pseudo-AdS spacetime and the exponentially falling warp factor. The space-like pressure components p i satisfy the relation p i = −ρ, a remnant of the equation of state of a true cosmological constant. The fifth pressure component p y is also positive but larger than p i due to the factor of 2 in front ofΛ 2 in Eq. (48) . All components present a well-defined profile throughout the bulk and vanish exponentially fast away from the brane for all λ > 2. The aforementioned behaviour remains qualitatively the same for all values of the parameters of the model.
Junction conditions and effective theory
We will now turn our attention to the junction conditions that must be incorporated in the model due to the presence of the brane at y = 0. We will assume that the energy content of the brane is given by the combination σ + V b (Φ), where σ is the constant self-energy of the brane and V b (Φ) an interaction term of the bulk scalar field with the brane. This energy content is assumed to arise only at a single point along the extra dimension, i.e. along our brane at y = 0, and thus it creates a discontinuity in the second derivatives of the warp factor, the coupling function and the scalar field at the location of the brane. (7) and (13), we reintroduce the delta-function terms, that we omitted while working in the bulk. If we then match the coefficients of the delta-function terms appearing in Eqs. (7) and (13), we obtain the following two conditions
respectively, where all quantities are evaluated at y = 0 + . Using the expressions for the warp function A(y) = −k|y| and the coupling function f (y) = f 0 e −λk|y| in Eq. (50), and making use of the assumed Z 2 symmetry in the bulk, we readily obtain the constraint
We note that the combination of parameters on the r.h.s. of the above equation is positive-definite, therefore, the total energy density of our brane is always positive. The above constraint may be used to determine the value of the warp-factor parameter k in terms of the fundamental quantities of the brane tension σ and the scalar-field parameters (f 0 , λ, V b ). We thus observe that, once we decide the form of the non-minimal coupling function, the warping gets stronger the larger the interaction term of the scalar field with the brane is.
In order to evaluate the first constraint (49), we write that:
We are allowed to do this since, as we showed in Section 2, the function Φ(y) does not possess any extrema in the bulk, therefore Φ (y) never vanishes. Then, multiplying both sides of Eq. (49) by Φ and using Eq. (17), we obtain the condition
This second constraint may be used in a two-fold way: for a non-trivial interaction term V b , it may serve to determine an independent parameter in its expression; alternatively, under the condition that V b = const. and thus ∂ y V b = 0, it may determine the value of the effective cosmological constant on the brane to be Λ = −Λ 2 = −k 2 λ(λ + 3), a value that is absolutely compatible with the original constraint (26) that should hold on the brane.
Let us finally address the issue of the effective theory on the brane. For this, we need to derive the four-dimensional effective action by integrating the complete five-dimensional one S = S B + S br , over the fifth coordinate y. Before we proceed though, we present the explicit forms of the five-dimensional curvature invariants whose general form for the metric ansatz (6) are given in Appendix A. Substituting the mass function (15) and the warp function A(y) = −k|y| in these expressions, we obtain:
where Λ = −Λ 2 is the negative constant appearing in the projected-on-the-brane gravitational background (16) . The above expressions are valid in the domain y ∈ (−∞, 0) ∪ (0, ∞), i.e. throughout the bulk where the second derivative of the warp factor equals zero. Note that, by keeping M in the form of the mass function (15), the obtained solutions describe clearly a black string with its singularity at r = 0 extending along the extra dimension. Setting, however, M = 0, we obtain solutions that are maximally-symmetric on the brane and in the bulk possess only a true singularity at the boundary of spacetime.
We will first calculate the effective gravitational scale M 2 P l on the brane. To this end, by employing the first of Eqs. (53), we may write R = −20k 2 + R (4) e 2k|y| , where R (4) = 4Λ is the four-dimensional scalar curvature, that may easily be computed from the projected-on-the-brane line-element (16) . Hence, the term from the complete action S = S B + S br that is relevant for the evaluation of the effective gravitational constant is the following:
Then, using also that −g (5) = e −4k|y| −g (br) , where g (br)
µν is the metric tensor of the projected on the brane spacetime, the four-dimensional, effective gravitational constant is given by the integral
Since 1/κ 2 4 = M 2 P l /(8π), we obtain:
In the last expression above, we have replaced the warp-factor parameter k from Eq. (51). We first note that the integral in Eq. (55) is finite, therefore there is no need for the introduction of a second brane in the model (unless one wishes to shield the singularity at the boundary of spacetime by introducing a second brane). Also, according to the above result, the effective gravity scale on the brane M 2 P l is determined by the ratio f 0 /k. Taking into account that f 0 has units of [M ] 3 , after the absorption of 1/κ 2 5 in its value, and thus plays the role of the fundamental energy scale M 3 * , the relation between the fundamental and the effective gravity scales turns out to be almost the same as the corresponding one in the Randall-Sundrum II model [12] . The difference between the magnitudes of M * and M P l is determined by the combination f 0 /(σ + V b )| y=0 (note that λ plays virtually no role). Therefore, if a lowgravity scale is desired, i.e. a low f 0 , then the total energy-density of the brane should be minimized.
This may be realised via the presence of a large, negative interaction term V b for the scalar field that would result in a small, yet positive as dictated by Eq. (51), value for the combination (σ + V b )| y=0 .
To complete our study of the effective theory on the brane, we finally compute the effective cosmological constant. Since the scalar field Φ is only y-dependent, the effective theory will contain no dynamical degree of freedom. Therefore, the integral of all the remaining terms of the five-dimensional action S = S B + S br , apart from the one appearing in Eq. (54), will yield the effective cosmological constant on the brane. Due to the existence of the brane, that acts as a boundary for the five-dimensional spacetime, the bulk integral must be supplemented by the source term of the brane as well as the Gibbons-Hawking term [94] . In total, we have
Substituting the expressions for the coupling function and the bulk potential of the scalar field, and employing the junction condition (51), we finally obtain the result
As expected, the constant of integration Λ appearing in the form of the mass function (15), and in the projected-on-the-brane line-element (16) is indeed the four-dimensional cosmological constant Λ 4 , multiplied by κ 2 4 , as the inverse Vaidya coordinate transformation on the brane had demonstrated [74] .
The Double Exponential Case
We now proceed to the alternative form of the non-minimal coupling function given in Eq. (24) . As in the previous section, the focus will be on the derivation of analytic solutions of the field equations and the study of the characteristics of the resulting solutions both in the bulk and on the brane.
The bulk solution
In this case, the coupling function has the form f (y) = f 0 e −µ 2 e λy , with λ any positive real number and µ a real, non-vanishing number. Substituting the function g(y) = −µ 2 e λy in the expression of the scalar field Φ(y) given by Eq. (22), we obtain the integral expression
In general, the above integral does not have an analytic solution. However, if one chooses appropriate values for the parameters µ 2 and λ, the quantity under the square root can be expressed as a perfect square and the integral becomes solvable. To this end, we can rewrite the aforementioned quantity as:
provided that the following conditions are imposed:
These lead to the unique values
for the λ and µ parameters. Using the form of the coupling function in Eq. (17), and substituting the above values for λ and µ 2 in the result, we are led to:
The above equation can provide important information on the form of the scalar field in the bulk even before the explicit integration in Eq. (59) is performed. To start with, since f (y) > 0 for all y > 0, the r.h.s. of the above relation is automatically positive-definite, therefore no additional constraint on the parameters of the theory follow by demanding the positivity of Φ 2 . The value of the parameter µ 2 though affects significantly the profile of the scalar field along the extra dimension. In particular, if the value of µ 2 is lower than 5, then the first derivative of the scalar field will become zero at y 0 = 3 2k ln 5 µ 2 . If the value of µ 2 is exactly 5, then the first derivative of the scalar field is zero at y = 0. Finally, if µ 2 is greater than 5, then the first derivative of the scalar field does not vanish anywhere in the bulk. In summary,
Taking however the square-root of Eq. (63), we obtain for Φ (y) the expression
We thus conclude that Φ (y) retains a specific sign throughout the bulk, even in the case where µ 2 < 5; therefore, the point y = y 0 is not an extremum [where Φ (y) owes to change its sign] but rather an inflection point. As a result, Φ(y) is a monotonic function throughout the bulk, for all values of µ 2 , and thus it is an one-to-one function in the whole region y > 0 (as well as in the y < 0 region due to the Z 2 symmetry).
The above behaviour also affects the way that one should proceed in order to find the solution for the scalar field Φ. For µ 2 ≥ 5, the quantity inside the absolute value in Eq. (65) is positive and non-vanishing for all values y > 0; thus, the solution for Φ(y), at every point in the bulk, follows by directly integrating Eq. (65) . Then, we obtain
where we have defined I(y) as
and erf(z) is the error function
On the other hand, for µ 2 < 5, we need to address separately the cases where the solution for Φ(y) is found at a point in the bulk with y ≤ y 0 or at a point beyond the inflection point with y > y 0 . In the first case, apart from the change in the order of the terms inside the absolute value in Eq. (65) , no other action is necessary, and the integration over y is performed as before. In the second case, however, care must be taken when the inflection point at y = y 0 is reached. Then, we write:
Overall, for µ 2 < 5, the solution for the scalar field is
where I(y) is still given by Eq. (67).
In Fig. 3(a) , we depict the form of the warp factor e −2k|y| and the coupling function f (y) = f 0 e −µ 2 e 2ky/3 in terms of the coordinate y along the fifth dimension, for f 0 = 500, k = 1 and µ 2 = 7. Both functions exhibit a localization close to the brane with the coupling function f (y) decreasing, in fact, much faster due to its double exponential dependence on y. At the boundary of spacetime, both functions go smoothly to zero. The displayed, qualitative behaviour of these two quantities is independent of the particular values of the parameters. In contrast, the profile of the scalar field Φ(y) with respect to the extra dimension y depends strongly on the value of the parameter µ 2 , as one may clearly see in Fig. 3(b) . We observe that the behaviour of the scalar field changes significantly as the parameter µ 2 approaches and then surpasses the value 5. Indeed, for µ 2 < 5, the emergence of the inflection point at y = y 0 > 0 is clearly visible. As µ 2 approaches the value 5, the inflection point moves towards the brane. For µ 2 ≥ 5, though, this feature completely disappears in accordance to the analytical study presented above. Overall, the scalar field exhibits a monotonic behaviour over the entire bulk -for the Φ + (y) solution that we have chosen here to plot, the scalar field presents an increasing profile in the bulk reaching a constant, asymptotic value at the boundary of spacetime. In Figs. 4(a) and 4(b) , we present the dependence of Φ + (y) on the second parameter k -since the parameter λ is now fixed to the value of the warping parameter k through the first of Eqs. (62), henceforth we drop any reference to λ. We observe again the emergence of the inflection point when µ 2 < 5, in Fig. 4(a) , and the smooth behaviour when µ 2 > 5, in Fig. 4(b) . The value of the warping parameter k causes only a rise in the slope of the curve, as k increases, leaving all the other features invariant.
The bulk potential of the field V B in this case can be determined again by the general expression (43) . Substituting the double exponential form of the coupling function f (y), we now obtain the result 
As in the simple exponential case, the combination inside the square brackets in the above expression is positive-definite, for all values of the parameters of the model, thus rendering the second term of the bulk potential negative-definite. Therefore, the presence of a non-minimally-coupled scalar field in the bulk leads to a negative (non-constant) potential energy in the bulk that can support again an AdS-type bulk spacetime with an exponentially decreasing warp factor, even if the quantity Λ 5 is set to zero. The potential has a smooth form over the entire bulk, is localized close to the brane and it goes to zero extremely fast away from it -all these features are inherited from the form of the coupling function to which V B is directly proportional as Eq. (71) clearly shows. The aforementioned behaviour of V B is depicted in Fig. 5 (a) for f 0 = 1/5, k = 1 and µ 2 = 5.
The components of the energy-momentum tensor of the theory may be computed employing again Eqs. (45) and (46) . Substituting again the form of the coupling function together with the expression for the bulk potential (71) presented above, we find the explicit expressions
In Figs. 5(a) and 5(b) we present the behaviour of the energy density ρ and the pressure components p i and p y , respectively, in terms of the extra dimension y. These quantities, too, present a smooth profile over the entire bulk, remain localised close to our brane, and vanish asymptotically leaving behind a 5-dimensional, flat spacetime (if Λ 5 is assumed zero). The energy density ρ is again negative throughout the bulk (as it should be in order to support by itself a pseudo-AdS spacetime) but this is due to the presence of a physical, scalar degree of freedom coupled non-minimally to gravity with a physically-acceptable positive-definite, and localised close to our brane, coupling function. 
Junction conditions and effective theory
For the junction conditions, we use again the general expressions (49) and (50), in which we substitute the form of the coupling function and employ also Eq. (65) to replace Φ (y). Then, Eq. (50) straightforwardly leads to the constraint:
that may be used again to fix the warping parameter k in terms of the parameters f 0 and µ of the coupling function and the energy-content (σ + V b ) of the brane. On the other hand, Eq. (49) results 5 in the condition
For a non-trivial V b , the above condition can be used to restrict a parameter that may appear in its expression; on the other hand, for a trivial V b , setting V b (0) = 0 in Eq. (75), we may fix also the value of µ 2 , and, through Eq. (62), the value of the effective cosmological constant on the brane Λ = −Λ 2 .
We turn finally to the 4-dimensional, effective theory on the brane. In order to derive the effective gravitational constant on the brane, we may use again the relation (54) . Substituting the double exponential form of the coupling function f (y), we find:
Above, we have used the exponential-integral function Ei(x) defined as
5 Note, that care should be taken in the evaluation of (49) due to the different behaviour of the scalar field Φ(y) in terms of µ 2 . At the end of the evaluation, though, a unique expression follows from this junction condition for either µ 2 > 5 or µ 2 < 5.
and its property that lim x→∞ Ei(−x) = 0. For x < 0, it can also be shown that [92] Ei(x) = Ei (−|x|) = γ + ln |x| +
where γ is the Euler-Mascheroni constant. Then, the effective gravitational energy scale is given by
Once again, the gravity scale on the brane M P l 2 is determined primarily by the ratio f 0 /k ∼ M 3 * /k, that resembles again the corresponding relation of the Randall-Sundrum model [12] -note that the combination inside the curly brackets in Eq. (76) is of O(1).
The effective cosmological constant on the brane can be evaluated by employing Eq. (57) . Using again the form of the coupling function f (y) and the junction condition (74), we find that
Above, we have used the second of Eqs. (62) , that relates the parameter µ 2 withΛ 2 , and the expression (76) for κ 2 4 . As in the model discussed in Section 3, the integration parameter Λ is confirmed to be the effective cosmological constant Λ 4 on the brane multiplied by the effective gravitational constant κ 2 4 .
Conclusions
In this work, we have considered a five-dimensional gravitational theory containing a scalar field with a non-minimal coupling to the five-dimensional Ricci scalar. The coupling is realised through a smooth, real, positive-definite coupling function f (Φ). Demanding that all components of the energymomentum tensor remain finite throughout the bulk, and looking for analytic solutions for the scalar field, we have restricted our choices for the coupling function to two particular forms: a simple exponential and a double exponential, both decreasing away from the brane. This results into a scalar-tensor fivedimensional theory with a non-minimal coupling between the scalar field and gravity that is effectively localised close to the brane.
The five-dimensional line-element contained two, initially arbitrary, functions: the warp factor and the mass function. The warp factor was chosen to have the Randall-Sundrum form in order to ensure the gravity localisation close to our brane. The mass function was uniquely determined by integrating the gravitational field equations and turned out to have a form that, on the brane, produces a Schwarzschild-(Anti)-de Sitter spacetime. Having studied the case of a positive effective cosmological constant on the brane in a previous work of ours [74] , here, we focused on the case of a negative four-dimensional cosmological constant. In fact, for this choice, the non-minimal coupling function is allowed to have everywhere a positive value and thus to guarantee a normal gravitational force both in the bulk and on the brane.
The solution for the mass function contained also a mass parameter that was identified with the mass of the black hole that a four-dimensional observer sees on the brane. However, the calculation of the five-dimensional scalar-invariant quantities revealed that, for a non-vanishing mass parameter, the five-dimensional solution is in fact a black-string plagued by a singularity extending over the entire extra dimension. It is again remarkable how easily the classical, ill-defined black-string solutions emerge in the context of physically plausible scalar field theories whereas classical black-hole solutions are still eluding us. If we set this mass parameter equal to zero, then the extended singularity disappears leaving behind a maximally-symmetric spacetime on the brane and a regular five-dimensional bulk with a true singularity at the boundary of spacetime.
In order to complete the solution, the form of the scalar field in the bulk had also to be determined. We have managed to analytically attack the problem of the integration of the scalar field equation and to derive two particular solutions. For the exponentially decreasing coupling function, the scalar field was expressed in terms of the hypergeometric function (that, for particular values of the parameters, was further reduced to a combination of elementary functions) while for the double exponential form of f (y), the scalar field was given by a combination of an exponential and the error function. In both cases, the profile of the scalar field presented the same set of robust features: Φ(y) was everywhere a smooth, regular, monotonic function of the extra coordinate approaching a constant, finite value at the boundaries of spacetime.
The same robust behaviour was exhibited also by the bulk potential of the scalar field and all components of the energy-momentum tensor. All the aforementioned quantities were finite everywhere in the bulk, remained localised close to our brane, and vanished asymptotically at large distances. In particular, the scalar potential was everywhere negative-definite, which led also to a negative-definite energy density. However, this negative distribution of energy was generated, not by an exotic form of matter, but by a physical, scalar degree of freedom coupled non-minimally to gravity with a positivedefinite, and localised close to our brane, coupling function. This energy may therefore support by itself a pseudo-AdS spacetime, even in the absence of a negative, bulk cosmological constant, and thus to ensure the localisation of gravity close to our brane.
The presence of the brane in the theory introduces a set of junction conditions that may serve to fix two of the parameters of the theory, preferably the warp-factor parameter k and a parameter of the interaction term of the scalar field with the brane. If the latter term is non-trivial, the effective cosmological constant remains a free parameter of the model; however, for a trivial scalar-brane interaction term, the value of the cosmological constant on the brane may be uniquely determined. The calculation of the effective theory on the brane led to a finite theory, as expected, without the need to introduce a second brane in the model. The relation between the fundamental and the effective gravitational scale had a similar form with the one emerging in the Randall-Sundrum model although our theory has a dynamical, more realistic field content.
In order to produce finite, analytic solutions for the bulk scalar field, we have made indeed two particular choices for the non-minimal coupling function. However, despite the apparently different explicit forms of the scalar field, the main characteristics of the two solutions remained the same, namely, the smoothness, the regularity, even the constant, finite value at infinity. This type of "universality" is caused by the common characteristics that the corresponding forms of the coupling function had: they were both smooth, well-defined throughout the bulk, positive-definite and localised close to our brane. We may therefore assert that the two particular solutions we have derived are in fact representative of the behaviour that a generic solution for the scalar field would exhibit if it was sourced by the Ricci scalar through any coupling function that would respect the same finiteness and positivity-of-value criteria.
Let us now address the more general case where λ = 4q, with q = 1 + where a positive number. Then, applying again Eq. (36), we may write Note that, in the first sum of the above expression, we set m = n + 1 but retained the lower value of the sum to be 0 due to the m factor -we have also used, once again, Eq. (B.5). Continuing along the same lines, we obtain, for a general , the result where, now, we set m = n + − 1 and again reinstated the lower value of the sum to be 0 due to the multiplying factors that trivialise all terms with n < − 1.
Comparing now the r.h.s's of Eqs. (B.6), (B.8) and (B.10) with the r.h.s of Eq. (B.4), we conclude that we may express the aforementioned hypergeometric function as where α, β 1 , . . . , β are constant coefficients. These may be determined by substituting the explicit expansions (B.4), (B.6), (B.8) and (B.10) on both sides of the above equation and demanding its validity. Then, we obtain the following relation for the coefficients α, β 1 , . . . , β , which must be true for arbitrary n ∈ Z ≥ , 6 + β (n + 1)n(n − 1) · · · (n − + 2) n + 1 (B.12)
The above equation leads to a system of + 1 linear equations with + 1 variables from which the unknown coefficients α, β 1 , . . . , β may easily be derived.
